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Abstract
In this paper we provide the complete classification of Kleinian
group of Hausdorff dimensions less than 1. In particular, we prove
that every purely loxodromic Kleinian groups of Hausdorff dimension
< 1 is a classical Schottky group. This upper bound is sharp. As an
application, the result of [4] then implies that every closed Riemann
surface is uniformizable by a classical Schottky group. The proof relies
on the result of Hou [6], and space of rectifiable Γ-invariant closed
curves.
1 Introduction and Main Theorem
We take Kleinian groups to be finitely generated, torsion-free, discrete sub-
groups of PSL(2,C). The main theorem is:
Theorem 1.1 (Classification). Any purely loxodromic Kleinian group Γ with
limit set of Hausdorff dimension < 1 is a classical Schottky group. This bound
is sharp.
∗Supported by Ambrose Monell Fundation
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We note that by Selberg lemma, torsion-free is not really a restriction,
since any finitely generated discrete subgroup of PSL(2,C) has a finite index
torsion-free subgroup.
As an application, we have the following Corollary 1.3, which is a resolu-
tion of a folklore problem of Bers on classical Schottky group uniformization
of closed Riemann surface. Corollary 1.3 follows from the work of Hou [4]:
Theorem 1.2 (Hou [4]). Every closed Riemann surface is uniformizable by a
Schottky group of Hausdorff dimension < 1, i.e. every point in moduli space
has a Hausdorff dimension < 1 fiber in the Schottky space.
Corollary 1.3. (Uniformization) Every closed Riemann surface can be uni-
formized by a classical Schottky group.
1.1 Strategy of proof
First let us recall the result of Hou [6]:
Theorem 1.4 (Hou). There exists λ > 0 such that any Kleinian group with
limit set of Hausdorff dimension < λ is a classical Schottky group
Define Hc = sup{λ|satisfies Theorem 1.4}. Hc is the maximal parameter
such that if Γ is a Schottky group of Hausdorff dimension < Hc then Γ is
classical Schottky group. Hence Theorem 1.1 can be rephrased as: Hc ≥ 1.
We prove by contradiction, so from now on and throughout the paper we
assume that Hc < 1, then we will show that Hc is not maximal.
Recall that the Hausdorff dimension function on the Schottky space of
rank g is real analytic. It is a consequence of Theorem 1.4 that, JHcg (rank-
g Schottky groups of Hausdorff dimension < Hc, see Section 2) is a 3g −
3 dimensional open and connected submanifold of Jg, the rank-g Schottky
space.
The proof is done as follows. First we note that, ∂JHcg must contain a
non-classical Schottky group, otherwise Hc is not maximal by definition, see
Proposition 2.12. Second we show that, if Hc < 1 then every element of the
boundary ∂JHcg is either a classical schottky group or, it is not a Schottky
group, Lemma 3.11. This contradicts the first fact, hence we must have
Hc ≥ 1. The bulk of the paper is devoted to proof the second fact, which we
now summarize the idea in the following.
It is a result of Bowen [2] that, a Schottky group Γ has Hausdorff dimen-
sion < 1, if and only if there exist a rectifiable Γ-invariant closed curve. Let
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R(S1,W ) be the space of bounded length closed curves which intersects the
compact set W ⊂ C and equipped with Fre´chet metric. It is complete space,
see Section 2. We show that if Hc < 1 then, every quasi-circle with bounded
length of Γ is the limit of a sequence of quasi-circles of Γn in R(S1,W ).
We also show that if Γ is a Schottky group, then every quasi-circle of Γ has
an open neighborhood in the relative topology of ΨΓ (see section 3) such
that, every element of the open neighborhood is a quasi-circle of Γ. We also
define linearity and transversality invariant for quasi-circles, and show that
quasi-circles of classical Schottky groups preserve these invariants, and non-
classical Schottky groups do not have transverse linear quasi-circles.
Given a quasi-circle of a Schottky group Γ, we show that there exists
an open neighborhood (in the relative topology of space of rectifiable curves
with respect to Frechet metric) about the quasi-circle such that, every point
in the open neighborhood is a quasi-circle of Γ, see Lemma 3.9. Next as-
sume that we have a sequence of classical Schottky groups Γn → Γ to a
Schottky group, and are all of Hasudorff dimensions less than one. We
then study singularity formations of classical fundamental domains of Γn
when Γn → Γ. These singularities are of three types: tangent, degenerate,
and collapsing. We show that all these singularities will imply that there
exists a quasi-circle such that, every open neighborhood about this quasi-
circle will contain some points which is not a quasi-circle. Essentially, the
existence of a singularity will be obstruction to the existence of any open
neighborhood that are of quasi-circles, see Lemma 3.11. Hence it follows
from these results that, if Γn → Γ with Γn classical and, all Hausdorff di-
mensions are of less than one then Γ must be a classical Schottky group.
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2 Quasi-circles and generating Jordan curves
Schottky group Γ of rank g is defined as convex-cocompact discrete faithful
representation of the free group Fg in PSL(2,C). It follows that Γ is freely
generated by purely loxodromic elements {γi}g1. This implies we can find
collection of open topological disks Di, Di+g, 1 ≤ i ≤ g of disjoint closure
D¯i ∩ D¯i+g = ∅ in the Riemann sphere ∂H3 = C with boundary curves ∂D¯i =
ci, ∂D¯i+g = ci+g. By definition ci, ci+g are closed Jordan curves in Riemann
sphere ∂H3, such that γi(ci) = ci+g and γi(Di) ∩Di+g = ∅. Whenever there
exists a set {γ1, ..., γg} of generators with all {ci, ci+g}g1 as circles, then it is
called a classical Schottky group with {γ1, ..., γg} classical generators.
Schottky space Jg is defined as space of all rank g Schottky groups up
to conjugacy by PSL(2,C). By normalization, we can chart Jg by 3g − 3
complex parameters. Hence Jg is 3g− 3 dimensional complex manifold. The
bihomolomorphic Auto(Jg) group is Out(Fg), which is isomorphic to quotient
of the handle-body group. Denote by Jg,o the set of all elements of Jg that
are classical Schottky groups. Note that Jg,o is open in Jg. On the other
hand it is nontrivial result due to Marden that Jg,o is non-dense subset of
Jg. However, it follows from Theorem 1.4, J
λ
g ⊂ Jg,o is 3g − 3 dimensional
open connected submanifold. Here Jλg denotes space of Schottky groups of
Hausdorff dimension < λ.
Some notations:
• Given Γ a Kleinian group, we denote by ΛΓ and ΩΓ and DΓ its limit set,
region of discontinuity, and Hausdorff dimension respectively through-
out this paper.
• Given a fundamental domain F of Γ, we denote the orbit of F under
actions of Γ by FΓ. We also say FΓ is a classical fundamental domain
of classical Schottky group if ∂F are disjoint circles.
Definition 2.1 (Quasi-circles). Given a geometrically finite Kleinian group
Γ, a closed Γ-invariant Jordan curve that contains the limit set ΛΓ is called
quasi-circle of Γ.
Remark: From now on, we make the global assumption throughout this paper
that Hc < 1, and all Schottky groups are of Hausdorff dimension DΓ ≤ Hc,
if not stated otherwise.
Next we give a construction of quasi-circles of Γ which is a generalization
of the construction by Bowen [2].
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Let F be a fundamental domain of Γ, and {ci}2g1 be the collection of
2g disjoint Jordan curves comprising ∂F . Let ζ denote collection of arcs
ζ = {ζi} connecting points pi ∈ ci, p′i ∈ ci+g for 1 ≤ i ≤ g, and arcs on
ci+g that connects pi+g to γi(pi) and p
′
i+g ∈ ci+g to γi(p′i). So ζ is a set of
g disjoint curves connecting disjoint points on collection of Jordan curves of
∂F (Figure 1 ).
Figure 1: Quasi-circle
ηΓ = ΛΓ ∪ ∪γ∈Γγ(ζ) defines a Γ-invariant closed curve containing ΛΓ. ηΓ
defines a quasi-circle of Γ. Obviously there are infinitely many quasi-circles
and different ζ gives a different quasi-circles. Note that, the simply connected
regions C\ηΓ gives the Bers simultaneous uniformization of Riemann surface
ΩΓ/Γ.
Definition 2.2 (Generating curve). Given a quasi-circle ηΓ of Γ. We say
a collection of disjoint curves ζ is a generating curve of ηΓ, if ηΓ can be
generated by ζ.
Note that the quasi-circles constructed in [2], which requires that pi+g is
a imagine of pi under element of γi, is a subset of the collection that we have
defined here. In fact, this generalization is also used for the construction of
quasi-circles of non-classical Schottky groups.
Proposition 2.3. Every quasi-circle ηΓ of Γ is generated by some generating
curves ζ.
Proof. Let ηΓ be a quasi-circle of Γ. Let F be a fundamental domain of Γ.
Set ξ = F ∩ ηΓ and ξ¯ = ∂F ∩ ηΓ. Then ξ, ξ¯ consists of collection of disjoint
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curves which only intersects along ∂F . Hence we have, γ(ξ) ∩ γ′(ξ) = ∅ for
γ, γ′ ∈ Γ with γ 6= γ′. Since Γ(ξ)−Γ(ξ) = ΛΓ we have have ηΓ = ΛΓ∪Γ(ξ∪ ξ¯),
hence ξ ∪ ξ¯ is a generating curve of ηΓ.
Definition 2.4 (Linear quasi-circle). We call a quasi-circle ηΓ linear if,
ηΓ\ΛΓ consists of points, circular arcs or lines.
Note that, if ηΓ is linear then there exists FΓ such that, ηΓ ∩ FΓ and
ηΓ ∩ ∂FΓ are piece-wise circular arcs or lines.
We say an arc ζ ⊂ ηΓ∩FΓ is orthogonal if the tangents at intersections on
∂FΓ are orthogonal with ∂FΓ, and an arc ξ ⊂ ηΓ∩∂FΓ is parallel if ξ ⊂ ∂FΓ.
Definition 2.5 (Right-angled quasi-circle). Given a linear quasi-circle ηΓ of
Γ, if all linear arcs intersect at right-angle then we say ηΓ is right-angled
quasi-circle.
Definition 2.6 (Transverse quasi-circle). Given a quasi-circle ηΓ of Γ, we
say ηΓ is transverse quasi-circle if ηΓ intersects ∂FΓ orthogonally for some
FΓ and, ηΓ have no parallel arc. Otherwise, we say ηΓ is non-transverse.
Definition 2.7 (Parallel quasi-circle). Given a quasi-circle ηΓ of Γ, we say
ηΓ is parallel quasi-circle if there exists some arc η of ηΓ such that η ⊂ ∂FΓ
Proposition 2.8. Transverse quasi-circles always exists for a given Schottky
group Γ.
Proof. Let F be bounded by 2g distinct Jordan closed curves and take any
curve connecting pi ∈ ci, pi+g ∈ ci+g such that pi+g = γi(pi) and pi+g ∈ ci+g =
γi(pi+g) for 1 ≤ i ≤ g, that intersects ci, ci+g orthogonally.
It should be noted that a quasi-circle of Γ in general is not necessarily
rectifiable. For instance, if we take ζ to be some non-rectifiable generating
curves then, ηΓ will be non-rectifiable. Recall a curve is said to be rectifiable
if and only if the 1-dimensional Hausdorff measure of the curve is finite. This
is not the only obstruction to rectifiability, in fact we have the following result
of Bowen:
Theorem 2.9 ([2]). For a given Schottky group Γ, the Hausdorff dimension
of limit set is DΓ < 1, if and only if there exists a rectifiable quasi-circle for
Γ.
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The proof of Theorem 2.9 relies on the fact that the Poincare series of Γ
converges if and only if DΓ < 1 [2].
Proposition 2.10. Let Γ be a Schottky group of DΓ < 1. Suppose a given
generating curve ζ is a rectifiable curve. Then ηΓ is a rectifiable quasi-circle
of Γ.
Proof. Let µ1 be the 1-dimensional Hausdorff measure. Since DΓ < 1, we
have µ1(ΛΓ) = 0. Let Γ = {γk}∞k=1, let γ′k denotes the derivative of γk. Then
we have,
µ1(ηΓ) =
∞∑
k=1
µ1(γk(ζ))
 µ1(ζ)
∞∑
k=1
|γ′k(z)|, z ∈ ζ.
Also since DΓ < 1 if and only if Poincare series satisfies
∑∞
k=1 |γ′k| <∞. This
implies that ηΓ is rectifiable if and only if ζ rectifiable.
Let W ⊂ C be a compact set. Denote the space of closed curves with
bounded length in C that intersect with W by:
R(S1,W ) ⊂ {h : S1 → C|h(S1) ∩W 6= ∅, h continuous rectifiable map}.
For h1, h2 ∈ R(S1,W ) let `(h1), `(h2) be it’s respective arclength. The
Fre´chet distance is defined as,
dF (h1, h2) = inf{sup |h1(σ1)− h2(σ2)|;σ1, σ2 ∈ Homeo(S1)}+ |`(h1)− `(h2)|.
For a given compact W ⊂ C, the space of closed curves with bounded
length R(S1,W ) is a metric space with respect to dF . Two curves in φ, ψ ∈
R(S1,W ) are same if there exists parametrization σ such that ψ(σ) = φ and
`(φ) = `(ψ). The topology on R(S1,W ) is defined with respect to the metric
dF , see [1] p388. Let ξ be a generating curve for ηΓ. Fix a indexing of Γ, set
ξi = ∪i1γj(ξ). Let σi be a parametrization of ξi such that σ = ∪iσi define a
parametrization of ηΓ. Then dF (η
1
Γ, η
2
Γ) ≤M(infσ1,σ2 |ξ(σ1k)− ζ(σ2k)|+ |`(ξ)−
`(ζ)|) for some M,k. This implies continuity of ηΓ with respect to generating
curve ξ.
Proposition 2.11. For a given compact W ⊂ C, the space R(S1,W ) is
complete metric space with respect to dF .
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Proof. Let {φi} ⊂ R(S1,W ) be a Cauchy sequence. φi are rectifiable curves
of bounded length and so there exists {σi} Lipschitz parameterizations with
bounded Lipschitz constants, such that {φi(σi(t))} are uniformly Lipschitz.
Then completeness follows from the fact that all curves of R(S1,W ) are
contained within some large compact subset of C.
Proposition 2.12. There exists a Γ ∈ JHcg in the closure of JHcg , such that
Γ is not a classical Schottky group.
Proof. Suppose false, then every element Γ ∈ JHcg with Hausdorff dimension
≤ Hc is a classical Schottky group. Since the classical Schottky space Jg,o is
open in the Schottky space Jg, we have a open neighborhood U of JHcg in Jg
such that U ⊂ JHcg,o. By definition of Hc, it is maximal. Hence there are non-
classical Schottky groups of Hausdorff dimension arbitrarily close to Hc and
> Hc. Then there exists a sequence of non-classical Schottky groups {Γn}
of Hausdorff dimensions DΓn ↘ Hc. Let Γ = limn Γn. Since by assumption,
all Schottky groups of Hausdorff dimension Hc is classical, we must have Γ
either it is not a Schottky group, or it is a classical Schottky group. This
implies that for large n we must have Γn ∈ U , which is a contradiction
to the sequence Γn been all non-classical Schottky groups, hence Hc is not
maximal.
Proposition 2.13. There exists a non-classical Schottky group Γ of DΓ =
Hc, and sequence of {Γn} classical Schottky groups such that DΓn < DΓ with
supDΓn = DΓ.
Proof. It follows from that the Hausdorff dimension map D : Jg → (0, 2) is
real analytic map, and by Proposition 2.12, there exists a non-classical Γ with
DΓ = Hc. Theorem 1.4 implies J
Hc
g is open submanifold of Jg,o, hence there
exists a sequence of classical Schottkys {Γn} ⊂ JHcg with DΓn → DΓ.
3 Schottky Space and rectifiable curves
Take {Γn} and Γ as given by Proposition 2.13. In particular, {Γn} is a se-
quence of classical Schottky groups such that Γn → Γ. Denote QC(C) space
of quasiconformal maps on C. It follows from quasiconformal deformation
theory of Schottky space, for Γc classical Schottky group of Hausdorff dimen-
sion < Hc we can write ,
Jg = {f ◦ γ ◦ f−1 ∈ PSL(2,C)|f ∈ QC(C), γ ∈ Γc}/PSL(2,C).
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Remark: From now on throughout rest of the paper, we fix Γc to be a
classical Schottky group with Hausdorff dimension DΓc < Hc.
Notations: Set H to be the collection of all Schottky groups of Hausdorff
dimension < Hc.
Note that there exists a sequence of quasiconformal maps fn and f of C
such that, we can write Γn = fn(Γ) and Γ = f(Γc). Here we write f(Γ) :=
{f ◦ g ◦ f−1|g ∈ Γ} for a given Kleinian group Γ and quasiconformal map f.
Schottky space Jg can also be considered as subspace of C3g−3. This pro-
vides Jg analytic structure as 3g− 3-dimensional complex analytic manifold.
Proposition 3.1. Let {Γn} be a sequence of Schottky groups with Γn → Γ
to a Schottky group Γ. Let F be a fundamental domain of Γ. There exists a
sequence of fundamental domain {Fn} of Γn such that Fn → F .
Proof. Let ∪2gi=1Ci = ∂F be the Jordan curves which is the boundary of F .
Set Cn = f−1n (∪2gi=1Ci). Then Cn is the boundary of a fundamental domain of
f−1n (Γ). Hence we have a fundamental domain Fn of Γn defined by Cn with
Fn → F .
Lemma 3.2. Suppose fn → f and Γ = f(Γc). Every quasi-circle with
bounded length of Γn = fn(Γc) is in R(S1,W ) for some compact W.
Proof. Let ηn be a quasi-circle of Γn. Note ΛΓn ⊂ ηn. Since limit set ΛΓn →
ΛΓ, and limit set Λ(Γ) is compact, and ηn is rectifiable, we can find some
compact set W ⊃ ∪nΛΓn ∪ ΛΓ.
Given {Γn} ⊂ H with Γn → Γ, let EΓn denote the collection of all bounded
length quasi-circles of Γn. We define ΨΓ = ∪EΓndF to be the closure of the
set of bounded length quasi-circles of Γn in R(S1,W ).
Proposition 3.3. The subspace ΨΓ is compact.
Proof. Curves in ΨΓ are bounded length and we have parametrization with
bounded Lipschitz constants. It follows from Ascoli-Arzela theorem we have
uniform convergence topology on ΨΓ. Since curves in R(S1,W ) are all con-
tained in some large compact set of C, we have ΨΓ is closed and bounded,
hence compact.
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We define O(η), open sets about η ∈ ΨΓ in relative topology given by
O(η) ∩ΨΓ for some open set O(η) ⊂ R(S1,W ).
Let Γ be a Schottky group. Let F be a fundamental domain of Γ. For
O(ηΓ) of ηΓ ∈ ΨΓ, and suppose every element is quasi-circle, and let ζξ
denote a generating curve of ξ ∈ O(ηΓ) with respect to F . Then we have,
O(ζ) = ∪ξ∈O(ηΓ)ζξ the collection of all generating curves of the open set
O(ηΓ) gives a open set of generating curves of ηΓ. On set of collection of all
generating curves of elements of ΨΓ, we define the topology as ξηn → ξη, if
and only if ηn → η for ηn, η ∈ ΨΓ.
We will sometime denote by η∞ ∈ ∂ΨΓ a curve which is the limit of
rectifiable quasi-circles of {Γn}.
Proposition 3.4. Let {Γn} ⊂ H with Γn → Γ. Then every bounded length
quasi-circle ηΓ of Γ is in ΨΓ. In addition, if ηn are linear then ηΓ is linear
quasi-circles of Γ.
Proof. Let Γn = f
−1
n (Γ). Note that since DΓn < Hc, we have DΓ ≤ Hc < 1.
Define ηn = f
−1
n (ηΓ), for all n. Then {ηn} is a sequence of Jordan closed
curves. It follows from Proposition 2.3, we have a generating curve ζ of ηΓ. So
ηΓ = ΛΓ∪∪γ∈Γγ(ζ), and we have ηn = f−1n (ΛΓ)∪f−1n (∪γ∈Γγ(ζ)). Since ΛΓn =
f−1n (ΛΓ) and f
−1
n (∪γ∈Γγ(ζ)) = ∪γ∈Γf−1n γfn(f−1n (ζ)) so its ∪γn∈Γnγn(ζn), where
ζn = f
−1
n (ζ). Hence ζn is a generating curve of ηn which are quasi-circles of
Γn. Denote by ζΓ a generating curve for ηΓ. Since ζ is rectifiable curve,
modify ζn if necessary, we can assume {ζn} are rectifiable curves.
Let z ∈ ζn, since DΓn < Hc, we have the 1-dimension Hausdorff measure
µ1(ηn):
µ1(ηn)  µ1(ζn)
∑
γ∈Γn
|γ′(z)| <∞,
where γ′ is the derivative of γ. Hence {ηn} are rectifiable quasi-circles. It
follows that there exists c > 0 such that µ1(ηn) < cµ
1(ηΓ) for large n, hence
{ηn} are bounded quasi-circles of R(S1,W ), and by Proposition 3.3, we have
ηn → ηΓ and ηΓ ∈ ΨΓ. Finally, if ηn are linear then ζn are linear and since
Mobius maps preserves linearity, we have ηΓ is linear.
Definition 3.5 (Good-sequences). For a given sequence {ηn} of quasi circles
of {Γn} ⊂ H with Γn → Γ, we say {ηn} is a good-sequence of quasi-circles
if, it is convergent sequence and η∞ is a quasi-circle of Γ. We also call {ηn}
(non)transverse good-sequence if all ηn are also (non)transverse.
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Lemma 3.6 (Existence). Let {Γn} ⊂ H be a sequence of Schottky groups
with Γn → Γ. There exists a good-sequence {ηn} of quasi-circles of {Γn}. In
addition, if {ηn} is also (non)transverse then η∞ is (non)transverse.
Proof. Let fn be quasi-conformal maps such that Γn = fn(Γ). Let ηΓ be a
quasi-circle of Γ. Then ηn = fn(ηΓ) is a good-sequence of quasi-circles. The
(non)transverse property obviously is preserved.
Corollary 3.7 (Linear-invariant). Let {ηn} be a good-sequence of linear
quasi-circles of {Γn} ⊂ H. η∞ is a linear quasi-circle of Γ.
Proof. Linearity is obviously preserved at η∞.
Corollary 3.8 (Tranverse-invariant). Let {ηn} be a good-sequence of quasi-
circles of {Γn} ⊂ H. Then η∞ is a (non)transverse linear quasi-circle of Γ if
and only if {ηn} is a (non)transverse.
Proof.
Lemma 3.9 (Open). Let {Γn} ⊂ H. Let Γn → Γ be a Schottky group. Let
ηΓ be a quasi-circle of Γ. Then there exists a open neighboredood O(ηΓ) of ηΓ
in ΨΓ such that every elements of O(ηΓ) is a quasi-circle of Γ.
Proof. Let F be a fundamental domain of Γ. Let ξ be the generating curve of
ηΓ with respect to F . Let Fn be the fundamental domain of Γn with Fn → F .
By Proposition 3.4, we have ηn → ηΓ. Let U(ξn) to be the open set about the
generating curve ξn of ηn, and set O(ξn) = U(ξn) ∩ ΨΓ. Then O(ξn) is open
sets of generating curves in ΨΓ (Figure 2). Let O(ξn) = fn(O(ξc)) for O(ξc) a
open set of generating curves for ηΓc = f
−1
n (ηn). Since ηΓ is a quasi-circle, and
Fn → F , for large n we can choose sufficiently small neighborhood O′(ξc)
such that f(O′(ξc)) is a open neighborhood of generating curves of ηΓ. Let
ξ′n ∈ fn(O′(ξc)) and η′n be generated by ξ′n. Assuming O′(ξc) is sufficiently
small neighborhood, we have length `(η′n) < c`(ηΓ) for some small c ≥ 1 for
large n and η′n generated by all ξ
′
n ∈ fn(O′(ξc)). Since ηn → ηΓ, we have η′∞
is quasi-circle of Γ with bounded length. This defines a open set which all
elements are quasi-circles in ΨΓ.
Corollary 3.10. Let {Γn} ⊂ H with Γn → Γ a Schottky group Γ. Let {ηn}
be a good-sequence of quasi-circles of {Γn}. Then there exists an open neigh-
borhood O(η∞) of η∞ such that every element of O(η∞) is a quasi-circle of
Γ.
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Figure 2: Open set of generating curves about ζ
Proof. Follows from Lemma 3.6 and Lemma 3.9.
Next we analyze the formations of singularities for a given sequence of
classical Schottky groups converging to a Schottky group. These types of
singularities has been studied in [5, 6].
Lemma 3.11 (Singularity). Let {Γn} ⊂ H with Γn → Γ a Schottky group.
Assume that Γ is non-classical Schottky group. Then there exists ηΓ such
that, every O(ηΓ) contains a non-quasi-circle.
Here we say a closed curve is a non-quasi-circle, if it’s non-Jordan(contains
a singularity point), or it’s not Γ-invariant.
Proof. For each n, let Fn be a classical fundamental domain of Γn. Given a
sequence of classical fundamental domains {Fn} the convergence is consider
as follows: {∂Fn} is collection of 2g circles {ci,n}i=1,...,2g in the Riemann
sphere C, pass to a subsequence if necessary, then limn ci,n, is either a point
or a circle. We say {Fn} convergents to G, if G is a region that have boundary
consists of limn ci,n for each i, which necessarily is either a point or a circle.
Note that G is not necessarily a fundamental domain, nor it’s necessarily
connected.
Let limFn = G. By assumption that Γ is not a classical Schottky group,
we have G is not a classical fundamental domain of Γ. We have ∂G consists of
circles or points. However these circles may not be disjoint. More precisely,
we have the following possible degeneration of circles of ∂Fn which gives ∂G
of at least one of following singularities types:
• Tangency: Contains tangent circles.
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• Degeneration: Contains a circles degenerates into a point.
• Collapsing: Contains two circles collapses into one circle. Here we have
two concentric circles centered at origin and rest circles squeezed in
between these two and these two collapse into a single circle in G.
Consider ∂G contains a tangency:
Let p be a tangency point. Let ηΓ be a quasi-circle of Γ which pass
through point p. Assume the Lemma is false, then all sufficiently small open
neighborhood O(ηΓ) contains only quasi-circles of Γ. It follows from Propo-
sition 3.2, we have a sequence with ηn → ηΓ. Let ξn be the generating curves
of ηn with respect to Fn. Define φn as follows. Note that ξn ∩ ∂Fn consists
of points or linear arcs. We define ζn be a generating curve with ζn ∩ ∂Fn
to consists of linear arcs, with one of its end point to be the point that con-
verges into a tangency in ∂G. In addition we also require the arcs on ∂Fn
that with a end points which converges to tangency point be be connect by a
arc between the other end points. It is clear that every O(ηn)∩Fn contains a
generating curve of this property. Let φn be the quasi-circle generated by ζn,
and set φ = limφn, then φ contains a loop singularity at a point of tangency
(Figure 3). Hence φ is non-quasi-circle of Γ. Since every O(ηΓ) contains such
a φ we must have the lemma to be true for this type of singularity.
Figure 3: Tangency singularity
Consider ∂G contains a degeneration:
In this case, we must have any quasi-circle ηn pass through a degeneration
point. Note that we can’t have all circles degenerates into a single point.
There are two possibilities to have degenerate points. Case (A): two circles
merge into a single degenerate point p. Case (B): A circle degenerates into a
point on a circle.
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Consider (A). In this case, any quasi-circles η∞ will have two possible
properties, either there is a point q on some circle of ∂G such that every
quasi-circle must pass through q, or two separate arcs of η∞ meet at p. The
second possibility implies there exists a loop singularity at p, hence η∞ can
not be a Jordan curve (Figure 4). Therefore we only have the first possibility
for η∞. But it follows from Proposition 3.4, all rectifiable quasi-circles of
Γ is the limit of some sequence of quasi-circles of Γn, and hence all must
pass through q. However q is not a limit point, hence we can have some
quasi-circle not passing through q, a contradiction.
Figure 4: Degenerate singularities
Now consider (B). Here we can assume that there exists at least two circles
that do not degenerates into points. Otherwise, we will have the third type
(collapsing) singularity, which we will consider next. Having some circles
degenerates into a point on to a circle at p, we have a sequence of quasi-
circles ηn which passes through p. This is given by the generating curves that
have curves connecting the degenerating circle to point pn → p converging
to linear arc intersecting orthogonally at boundary. But any neighboring
quasi-circle of ηn will converges to a η∞ with a loop singularity at p, which
is not a Jordan curve (Figure 5).
Finally, we note that if we have a degeneration point p which is not a
limit point, then there exists a neighboring quasi-circle of ηΓ that misses the
point p. Hence any O(ηΓ) will contains some curve which is the limit of a
sequence of quasi-circles that do not pass through the point. This gives a
non-quasi-circle in O(ηΓ).
Consider ∂G contain collapsing:
Let C denote the collapsed circle. First suppose that there exists γ ∈ Γ
such that it has a fixed point not on C. Then there are infinitely many
elements with fixed points not on C. Let γn ∈ Γn with γn → γ. Since
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Figure 5: Degenerate singularities
γn(Fn)→ γ(G) = γ(C), we must have γ(C) either identical or disjoint. Sup-
pose that not all fixed points of elements of Γ is contained in C. Then we
have infinitely many fixed points not in C. Take three points a, b, c fixed
points of elements of Γ with a ∈ C and b, c 6∈ C. For sufficiently large n, we
must have some βn ∈ Γn such that a, b, c is contained in three distinct disk
of the complement of βn(Fn). This follows from the fact that the orbit FΓn
of Fn will have images with disks converging to fixed points, and since they
are distinct fixed points, we must have some disks that only contain one of
the points only. Since βn(Fn) → β(C), so converges to a circle. But a, b, c
are contained in distinct disks bounded by circles of ∂βn(Fn) for all large n,
which implies a, b, c must lies on β(C). Hence β(C)∩ C 6= ∅, but they are not
identical circles, which is a contradiction. Hence all fixed points of elements
of Γ are ⊂ C, which implies ΛΓ ⊂ C. Since Γ is Schottky group, we must have
Γ is Fuchsian group of second kind. By [3], Γ is classical Schottky group, a
contradiction.
4 Proof of Theorem 1.1
Proof. (Theorem 1.1)
We proof by contradiction. Suppose that Hc < 1.
First note that by Selberg Lemma we can just assume Kleinian group to
be torsion-free.
Now note that if a Kleinian group Γ of DΓ < 1 then it must be free.
To show this, assume otherwise. Since DΓ < 1 and Γ is purely loxodromic,
it is convex-cocompact of second-kind. There exists an imbedded surface
R = ΩΓ/Γ in H3/Γ. If R is incompressible then, subgroup pi1(R) ⊂ Γ have
Dpi1(R) = 1 which is contradiction. IfR is compressible then, we can cut along
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compression disks. We either end with incompressible surface as before or
after finitely many steps of cutting we obtain topological ball, which implies
H3/Γ is handle-body, hence free.
Let {Γn} ⊂ H, and Γn → Γ, with Γ a Schottky group. It follows
from Lemma 3.9, that there exists an open set O(ηΓ) such that every el-
ement is quasi-circle of Γ. Now if Γ is non-classical Schottky group then by
Lemma 3.11, we must have every open set contains some non-quasi-circle,
in-particular we must have O(ηΓ) contain a non-quasi-circle. But this gives
a contradiction, hence we must have Γ is a classical Schottky group.
Finally, sharpness comes from the fact that, there exists Kleinian groups
which is not free of Hausdorff dimension equal to one. Hence we have our
result.
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